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Relativistic electron-ion recombination in the presence of an intense laser field
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Radiative recombination of a relativistic electron with a highly charged ion in the presence of
an intense laser field is considered. Various relativistic effects, caused by the high energy of the
incoming electron and its strong coupling to the intense laser field, are found to clearly manifest
themselves in the spectra of the emitted γ-photons.
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Radiative recombination (RR) of a free electron with
an ion is a fundamental process which plays an important
role in all kinds of astrophysical and laboratory plasmas.
It represents the inverse of the photoeffect and has been
studied for a long time [1].
More recently, the availability of intense laser sources
has triggered a growing interest in RR in the presence of
an external laser field which can lead to strong modifi-
cations of the field-free properties of the process. When,
for example, the laser photon frequency is resonant with
the electron transition energy, the field stimulates the RR
process and substantially enhances its rate. Correspond-
ing experimental investigations rely on merged beams of
ions, electrons, and photons in a storage ring [2]. Very re-
cently, multiphoton-assisted RR of low-energy electrons
into barium ions in a microwave cavity has been observed
in a weak-coupling regime [3].
Modern powerful laser devices are capable of produc-
ing field intensities in excess of 1020 W/cm2 in the op-
tical and near-infrared frequency domain. Electrons ex-
posed to such strong fields may be accelerated to highly
relativistic energies, for example, through laser-plasma
interactions [4]. Modifications of many atomic collision
processes such as Mott and Møller scattering, or Bethe-
Heitler pair creation due to the presence of a relativis-
tically strong background laser field have been theoreti-
cally studied during the last decade [5]-[7].
The theoretical investigation of laser-assisted radia-
tive recombination (LARR), however, has so far been
restricted to the nonrelativistic regime where the dipole-
approximation to the field applies (see [8, 9, 10, 11, 12]
and references therein). The main emphasis was placed
upon the X-ray energy spectrum. Effects from the in-
tensity profile of a focused laser pulse have also been ad-
dressed [10] and the possibility of phase control has been
shown [12]. The laser field may also affect the X-ray
polarization [11].
Note also that LARR represents the last step in the co-
herent process of high-harmonic generation from gas tar-
gets which is intensively being studied both theoretically
and experimentally for 20 years. In this process, RR of
field-ionized atomic electrons occurs through laser-driven
recollisions, with the highest harmonic photon energies
achieved of about 1 keV [13]. The relativistic domain of
high-harmonic generation, however, is inaccessible until
now since at optical laser intensities exceeding ∼ 1017
W/cm2 the magnetic-field induced Lorentz drift motion
of the electron prevents efficient recollisions [6, 14]. This
circumstance provides additional motivation for studies
of relativistic LARR utilizing free electron and ion beams.
In this letter we extend the consideration of LARR into
the relativistic domain where various characteristic mod-
ifications of the process are demonstrated to occur. Rel-
ativistic effects arise from the high initial electron energy
(in the MeV range) and the large laser field strength-to-
frequency ratio leading to strong electron-field coupling.
In particular, a very large number of low-frequency laser
photons participate in the process whose total energy and
momentum are imprinted on the emitted high-frequency
(γ-ray) photon influencing its energy and angular distri-
butions in a distinctive non-dipole manner.
The laser field is assumed to be a classical monochro-
matic plane wave of circular polarization which is
switched on and off adiabatically at t → −∞ and t →
+∞, respectively. We shall describe this field by the vec-
tor potential taken in the form
A(r, t) = a0 (e1 cosϕ+ e2 sinϕ) ; ϕ = ω0t− k0 · r, (1)
where r and t are the space-time coordinates, ω0 and k0
are the frequency and wave vector, e1 and e2 are the
polarization vectors (ei · ej = δij , ei · k0 = 0) and a0 =
cF0/ω0 is the amplitude of the vector potential with F0
and c being the strength of the laser field and the speed
of light, respectively.
The transition amplitude for the radiative recombina-
tion reads [15]
Sfi = −i
∫ +∞
−∞
dt〈Ψf (t)|Wˆ |Ψi(t)〉, (2)
where |Ψi(t)〉 and |Ψf (t)〉 are the initial and final states
of the system ’electron+radiation field’ and Wˆ is the in-
teraction with the radiation field. The latter is chosen
in the form Wˆ = α · Aˆγ where α = (αx, αy, αz) are the
2Dirac matrices and
Aˆγ(r, t) =
∑
k,ρ
√
2pic2
V ωk
ek,ρ
(
c+k,ρe
i(ωkt−k·r) + C.C.
)
.(3)
In (3) c+kρ is the creation operator for a photon with mo-
mentum k, polarization vectors ekρ (ρ = 1, 2) and fre-
quency ωk = c|k|, V is the normalization volume for the
radiation field and the sum runs over all photon modes.
The states Ψi(t) and Ψf(t) are given by
|Ψi(t)〉 = ψi(t) |0〉, |Ψf(t)〉 = ψf (t) |kρ〉, (4)
where |0〉 and |kρ〉 denote states of the radiation field
with no photons and with one photon having momentum
k and polarization ρ. The initial and final states of the
electron, ψi and ψf , are solutions of the Dirac equation
i
∂ψ
∂t
= cα ·
(
pˆ+
1
c
A
)
ψ + V0ψ + βc
2ψ, (5)
where V0 = −Z/r is the interaction between the electron
and the ionic nucleus and β is the Dirac matrix. Both
in the initial and final states the electron is subject to
the simultaneous presence of two fields: the field of the
nucleus and the laser field. Since an exact solution of
such a problem is not known suitable approximations to
describe these states are needed.
The incident electron is supposed to have relativistic
asymptotic momentum pi and energy Ei. Assuming that
the charge Z of the nucleus satisfies the condition Z ≪ c
one can neglect the Coulomb interaction in the initial
state. At the same time the low-frequency laser field can
very substantially affect the motion of the incident elec-
tron, including its momentum and energy, and the inter-
action of the electron with this field should be taken into
account to all orders. Therefore, we shall approximate
the initial state of the electron using the Gordon-Volkov
solution [16] for a free electron moving in the electromag-
netic field described by the vector potential (1).
Let us now assume that although the laser field is quite
strong, its strength F0 nevertheless remains much smaller
than the typical nuclear field Fa ∼ Z
3 acting on the elec-
tron bound in the ground state of the ion [17]. Then the
motion of the electron in the final state will be practi-
cally determined only by its interaction with the nuclear
charge while the influence of the laser field on the tightly
bound electron is comparably very weak and can be ne-
glected.
Note, however, that in the gauge in which the potential
of the laser field is given by Eq.(1), one cannot simply ap-
proximate ψf by φ0(r) exp(−iε0t), where φ0 is the wave
function of the electron in the ground state of the ion
and ε0 is the corresponding electron energy. Indeed, it
is not difficult to see that in this gauge the term in the
wave equation (5), which describes the interaction be-
tween the electron and the laser field, is of the order of
F0 Z/ω0 and it may be not small compared to the term
|V0| ∼ Z
2, even if the condition F0 ≪ Z
3 is extremely
well fulfilled.
Therefore, in order to obtain an appropriate approx-
imation for the final state of the electron we following
[9], [18] first set ψf = exp
(
−iA·rc
)
χ. Inserting this
ansatz into Eq.(5) one can easily convince oneself that
the term representing the interaction between the elec-
tron and the laser field in the obtained Dirac equation
for the function χ is now of the order of F0/Z. Thus,
now the electron-laser field interaction term is much
smaller than |V0| ∼ Z
2. Therefore, we may replace χ
by φ0(r) exp(−iε0t) and, thus,
ψf = φ0(r) exp(−iε0t) exp
(
−i
A · r
c
)
. (6)
Inserting the Gordon-Volkov state and (6) into (2) and
assuming that the condition vi⊥/ω0 ≫ r0 is fulfilled
(where vi⊥ is the part of the initial electron velocity vi
perpendicular to k0 and r0 ∼ 1/Z is the size of the final
bound state of the electron) we obtain
Sfi = −i2pi
2pic2
V ωk
√
mc2
Ei
×
n=+∞∑
n=−∞
Gn δ (nω0 + ε0 + ωk − ξω0 − Ei) . (7)
In the above expression
Gn =
∫
d3r exp(i(pi − k− nk0 + ξk0) · r)
(ekρ · f Jn(Λ)+
exp(iχp) exp(ib · r) ekρ · f+ Jn−1(Λ)+
exp(−iχp) exp(−ib · r) ekρ · f− Jn+1(Λ)) , (8)
where f = φ†0 αu(pi, s), f± = φ
†
0 α η± u(pi, s) with
u(p, s) being the free Dirac spinor for an electron with
momentum p and spin s,
η± =
a0
4c
ω0/c+α · k0
ω0Ei/c2 − k0 · pi
α · (e1 ∓ ie2), (9)
Jn is the Bessel function with argument
Λ = λ− d · r; d =
a20
λ c2
(e1 · pi) e2 − (e2 · pi) e1
ω0Ei/c2 − k0 · pi
λ =
a0/c
ω0Ei/c2 − k0 · pi
√
(e1 · pi)2 + (e2 · pi)2 (10)
and
ξ =
a20
2(ω0Ei − c2k0 · pi)
; χp = arctan
(
e2 · pi
e1 · pi
)
b =
a20
λ2 c2
(e1 · pi) e1 + (e2 · pi) e2
ω0Ei/c2 − k0 · pi
. (11)
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FIG. 1: Energy spectrum of the γ-ray photons emitted in LARR
of a relativistic electron (pi = 10mc) with a bare Sn nucleus (Z =
50) in a circularly polarized laser field with F0 = 7.5 a.u. and
ω0 = 0.055 a.u. crossing the beam under 900.
In what follows we, based on Eqs. (7)-(11), consider the
reaction e− + Sn50+ → Sn49+(1s) + γ occurring in a laser
field with F0 = 7.5 a.u. (I ≈ 4 × 10
18 W/cm2), ω0 =
0.055 a.u. (1.5 eV), e1 = (1, 0, 0) and e1 = (0, 1, 0) in
which the initial electron momentum pi = 10mc directed
along the x-axis.
Figure 1 shows the energy spectrum of the γ-ray pho-
tons. The spectrum consists of a multitude of lines
each separated by a laser photon energy, thus forming
a quasi-continuous distribution with a total width of
∆ωγ ∼ 1MeV and very pronounced side wings. Without
the laser field, the spectrum would comprise a single line
at ωγ = Ei − ε0 ≈ 4.66 MeV.
The motion of an electron in the presence of a strong
laser field has quasi-classical character. Therefore, simi-
larly as in the nonrelativistic case (see e.g. [9]), certain
features of the relativistic LARR energy spectrum can be
understood in classical terms: In the presence of the field
the instantaneous electron energy is modulated,
E(ϕ) = Ei + Up + λω0 cosϕ
= Ei +
c2F 20
2ω20Ei
+
cpi
Ei
cF0
ω0
cosϕ (12)
so that the available kinetic energy depends on the in-
stant phase of recombination. While the ponderomotive
energy Up = ξω0 ≈ 25 keV leads to a relatively small
shift of the center of the spectrum, the oscillating term in
Eq. (12) causes a spectral width of ∆ωγ = 2λω0 ∼ 1MeV
between the minimum and maximum energies corre-
sponding to recombination occurring at cosϕ = −1 and
cosϕ = 1, respectively.
In the quantum picture the broad spectrum results
from the emission or absorption of n laser photons during
the RR process, with the boundaries |n| <∼ nmax ≃ λ de-
termined by the properties of the Bessel functions. While
already the classical consideration gives the range of the
energy spectrum, of course only a quantum consideration
can predict the shape of the spectrum.
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FIG. 2: Angular distributions of the emitted γ-ray photons
with respect to the incoming electron momentum. The dash-
dotted curve shows the field-free case, whereas the solid line refers
to LARR with the laser parameters of Fig. 1. The dotted and
dashed lines show the spectra for the energy side wings around
ωγ ≈ 4.2MeV and ωγ ≈ 5.2MeV (see Fig. 1), respectively, within
an energy interval of δωγ = 1keV; the latter two curves are multi-
plied by a factor of 30.
It is known that in the nonrelativistic domain the spec-
tral width grows with the kinetic energy of the incom-
ing electron ([8]-[9]). In the present case, however, we
observe that the width becomes practically independent
of the incoming electron energy, i.e. it saturates. This
occurs because λ ∝ vi [see Eq. (10)] and the electron
velocity vi cannot exceed the speed of light. This im-
plies in fact that the width and shape of the spectrum in
Fig. 1 (where vi ≈ c) are ’universal’ in the sense that they
will remain practically unchanged when Ei is further in-
creased. Enhancement of the electron energy would shift
the center of the spectrum to correspondingly higher en-
ergies but, even in the limit Ei →∞, the number of laser
photons participating in the process would not increase
noticeably.
Note also that the ratio of the spectral intensity at
the side wings as compared with the plateau region in
between scales with λ1/3 and amounts to ≈ 30 here which
is significantly larger than in the nonrelativistic regime.
In particular, each side wing contributes 1.5% to the total
LARR cross section when a narrow energy window of 1
keV is taken into account.
Characteristic relativistic signatures also arise in the
angular emission spectrum, shown in Fig. 2. In the non-
relativistic domain the photons produced by RR into the
ground state are emitted mainly in the direction per-
pendicular to the momentum of the incident electron,
forming a typical dipole pattern. In contrast to that the
γ-rays are emitted essentially along the direction of the
incoming electron. This feature is also known from rel-
ativistic field-free RR [19]. However, as compared with
the field-free case, the LARR spectrum in Fig. 2 is shifted
to larger angles and broadened.
The shift is most pronounced in the energetic side
wings where it is almost solely caused by the momentum
carried by the laser photons (and thus would be absent
4in the nonrelativistic domain) and where it may again be
understood in classical terms by inspecting the instanta-
neous electron momentum p(ϕ) = pi +
1
cA(ϕ) + [cpi ·
A(ϕ) + 12A
2] k0ω0Ei , with the components
px(ϕ) = pi +
F0
ω0
cosϕ ; py(ϕ) =
F0
ω0
sinϕ ;
pz(ϕ) =
Up
c
+
pic
Ei
F0
ω0
cosϕ. (13)
The x and y components lie in the polarization plane of
the field and show a corresponding modulation due to the
coupling to the electric component of the field, whereas
the electron momentum along the z axis arises solely from
the light pressure exerted by the field momentum. By
Eq. (13), the typical polar angle θγ under which the elec-
tron impinges on the ion before recombination is given by
tan θγ = p⊥/px with p⊥ =
√
p2y + p
2
z and depends on the
phase ϕ. For the minimum instantaneous electron ener-
gies (ϕ = pi) we have p⊥ = pz ≈ F0/ω0 ≈ mc, px ≈ 9mc
and θγ ≈ 6.3
◦, whereas for ϕ = 0 where the maximum
electron energy occurs we obtain px ≈ 11mc, p⊥ ≈ mc
and θγ ≈ 5.2
◦. Both θ values are in agreement with the
side-wing distributions shown in Fig. 2.
A similar, but somewhat more complicated, explana-
tion can also be found for the position of the maxima of
medium-energy γ-rays. Let us consider, for example, the
center of the energy plateau in Fig. 1 where cosϕ = 0
and thus a net number of n = 0 laser photons partic-
ipate in the process. The corresponding angular spec-
trum (not shown) peaks at small angles around θ ≈ 2.5◦
which coincides with the field-free case (see Fig. 2). This
can be understood by noting that now, within a single
laser cycle, there are two possible phases ϕ+ = pi/2 and
ϕ− = 3pi/2, both with cosϕ± = 0 but opposite directions
of py(ϕ±) ≈ ±mc, whose contributions to the LARR am-
plitude interfere. The peak for n = 0 may thus be con-
sidered as arising from the ’average’ electron momentum
with 12 [py(ϕ+) + py(ϕ−)] = 0 and px = pi.
For increasing photon numbers n, with 0 ≪ |n| ≪
nmax, the interference effect still exists but is becoming
less pronounced. When the side wings are eventually
reached (n ≈ ±nmax), both quantum paths merge into a
single one and the classical picture becomes applicable.
The peak of the total LARR angular spectrum, which
represents a sum over the contributions from all laser
photon numbers, hence lies in between the field-free peak
and the side-wing peaks.
Finally we note that the presence of the laser field not
only influences the γ-ray spectra but also has an impact
on the total cross section increasing the latter in the case
under consideration by about a factor of 2 compared to
the laser field-free case.
In conclusion, we have considered radiative recombi-
nation of a relativistic electron with a highly charged
ion assisted by an intense laser field of circular polariza-
tion. We have shown that the field substantially modify
the shape of the spectra of the emitted γ photons. We
have discussed relativistic effects caused by the high en-
ergy of the incoming electron and its strong coupling to
the laser field resulting in very large energy-momentum
exchanges between the recombining electron-ion system
and the field.
An observation of the predicted effects in principle is
feasible in many high-power laser laboratories worldwide
because such lasers can be used to generate the relativis-
tic electron beams and highly charged ions required [4, 6].
A particularly suited facility where relativistic LARR can
be explored is the GSI in Darmstadt, Germany.
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